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1. INTRODUCTION 
A large number of engineering and applied science problems are 
represented by nonlinear ordinary differential equations with split bound- 
ary conditions, These are called multi-point boundary value problems. Due 
to the complicated nature, their analytical solutions are quite difficult. But, 
with the availability of high speed computers, the multi-point nature of the 
boundary conditions and the nonlinearity of the system can be efficiently 
handled via numerical techniques. The variety of numerical methods 
available for solving two-point boundary value problems are given in detail 
in [ 1, 23. Among the presently available techniques, quasilinearization, 
owing to its conceptual and computational simplicity, is perhaps the most 
frequently employed method. Bellman and Kalaba [3], Lee [4], and 
Radbill [S] have explained this method along with its mathematical 
properties and applications to various engineering problems. It is the 
purpose of the present paper to apply the quasilinearization method to the 
complex boundary layer problem, which is discussed in the following 
paragraphs. 
Certain processes, in which the buoyancy driven force arises due to 
temperature differences only, have received considerable attention [ 71. 
However, the flows arising out of both the temperature and the concentra- 
tion differences have received little attention. In general, when a study is 
made regarding these types of flows, it is the usual practice to omit thermal 
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diffusion (TD) and diffusion therm0 (DT) (also called respectively Sot-et 
and Dufour effects). This may be due to the fact that these two effects make 
the resulting system of differential equations highly nonlinear and coupled. 
This may also be due to the belief that the main differences between single 
component and two-component boundary layers are the variable property 
effect and the mass diffusion. However, experiments showed that the dif- 
fusive mass flux due to the temperature gradient (TD) and the heat transfer 
due to the concentration gradient (DT) are also important in two-compo- 
nent boundary layers. This prompted us to choose the above problem 
(with TD and DT both taken into account) for the application of the 
quasilinearization method. 
In the past, Sparrow ef ul. [S, 91 studied TD and DT effects at the 
stagnation point of both the free and the forced convection boundary 
layers. They used an integral method for studying the problem. Later, Gill 
et al. [lo] studied the problem of vertical natural convection binary 
boundary layers omitting TD and DT. Using a numerical method, which 
was many times faster than that of Sparrow et al’s [8, 91, they studied the 
variable property problem for different gas mixtures. Gebhart and Pera 
[ 1 l] considered the constant property problem and made a detailed 
investigation of the heat and mass transfer characteristics over a wide range 
of parameters. Later on, Brdlik [ 121 examined the problem with TD and 
DT effects. Taking integral boundary layer equations, he used the 
Karman-Pohlhausen method for solving the equations. Making certain 
assumptions, Brdlik et al. [ 131 studied the vertical natural convection 
boundary layers with DT. They made a numerical study for 
carbondioxide-air mixture boundary layers. 
The objective of the present study is twofold. The first is to develop a 
general quasilinearization algorithm for binary boundary layers. So with 
the availability of fluid properties (such as x, C,,,/Cpz, p,lpLz, k,/k,, etc.) 
one can easily investigate the effects of TD and DT in any given gas 
mixture. The second is to apply the above algorithm to the steady, laminar 
natural convection boundary layers over a porous vertical plate with 
carbondioxide injection. Though the comparisons have been made with 
various results available in the literature, the comparison with Brdlik’s 
results [13] could not be tried due to the non-availability of a proper set 
of data. New heat and mass transfer results obtained during the present 
study are also reported. It is found that, in the absence of TD and DT, if 
the concentration of the injectant is low, the incompressible results are 
found to be a good approximation to the compressible ones. It is also 
found that the inclusion of TD and DT effects, in fact, enhances the heat 
and mass transfer. 
TWO-COMPONENT LAMINAR BOUNDARY LAYER 377 
2. STATEMENT OF THE PROBLEM 
The problem discussed herein, as shown in Fig. 1, is that of a natural 
convection boundary layer over an isothermal, porous vertical plate with 
carbondioxide being injected normally into the air. The coordinate system 
is chosen taking x-axis along the plate and y-axis normal to the plate; u 
and u are the corresponding velocity components, respectively. For a 
steady, laminar flow of carbondioxide-air mixture the system of governing 
equations are 
overall continuity, 
a(P) + 3PU) = 0. - - 
ax ay ’ 
momentum. 
energy, 
I 
(2) 
(3) 
Air 
(1) 
FIG. I. Physical model and coordinate system. 
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species continuity, 
The boundary conditions are 
at y=O: ~=O,V=V,~, T=T,,,m,=m,, 
asI:--+a: u=O, T= T,,m, =O. 
By assuming that the plate is impermeable to air, one can obtain 
Dl, !!T+ am,(l -ml) d 
““= -(l-m,,,.) $y L - T ‘1 ay ’ 
The quantities q and j, are given by 
q= -k(7T+clIWMTj, 
ay MlM2 
j, = -pD,, am, -+ 
ay 
(4) 
(5a) 
(5b) 
(6) 
(7) 
(8) 
It may be noted that the first two terms on the right-hand side of the 
Eq. (7) represent, respectively, the heat transfer due to conduction and the 
heat transfer due to diffusion, the latter being diffusion therm0 (DT). Also 
in Eq. (8) the first term corresponds to the mass diffusion while the second 
term corresponds to the thermal diffusion (TD). 
3. TRANSFORMED EQUATIONS 
Before solving the governing equations, it is useful and desirable to 
transform the equations to a simpler form [lo]. Thus by introducing the 
similarity variable r) given by 
and the stream function $ defined by 
$ = 2 $[gx’~2,]~‘~ F(q) (9b) 
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such that, 
u/i 2 
p dy' 
VA 2!! 
P 
3X' 
one can express the Eqs. (l)-(4) and the boundary conditions (5) as 
+ A/lpc(A,.: - 1) = 0 (10) 
-3S,c(AB+ 1) F&=0 (11) 
4’ ’ 0 -s +3FqY+aA (12) 
at rj =0: F’=O,F=F,,Q=l,~=l (13a) 
asq+cO: F’=O, Q=O,#=O, (13b) 
where the constant value of F, can be calculated from the expression 
F,. = 
ml, 
3S(l -ml,,) c 4’(o)+ 
41 - mlw)A e,(o) 
(AB(0) + 1) I . (14) 
The modified expressions for dimensionless heat and mass transfer 
respectively are given as 
ZotT,(l-m,,)Ae'(o) 
where 
is called a Dufour number. 
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The above expressions, in the absence of TD and DT reduce to that of 
Gill et LII. [lo]. 
Various quantities in Eqs. (lO)H 14) are given as 
where CI, the thermal diffusion factor, is positive if the injectant is heavier 
than air and is negative if the injectant is lighter than air. The values of r 
for different gases are listed in [IS]. The expressions for quantities such as 
lf pc, 3 A ,” 3 A,,, Ak> ACP’ and S are taken from [lo, 14, 151. On using 
,,,,=I,(,, (S- ,>+ l] 
and 
(15a) 
(15b) 
where 
in the last term of (10) and simplifying, one gets 
(~)~+Z”(~)‘-~+A,.(hO-e~)=O. (16) 
where 
Ml e= ---I 
( > 
m,,, 
M2 (m,,,.# + (1 - ml,.4NMlIM2))’ 
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Introducing the new variables, 
F’ 
-= G, 
A ,‘A ,,‘ 
Eqs. (16) (ll), (12), and (13) take the forms 
F’-A,,A,,G=O 
G” + 3FG’ - 2A, A,, G2 + A,(htl - eq5) = 0 
H’+ 
- {3S,,cS}(AQ+ 1) FJ=O 
+SJ=O 
at q = 0: G=O, O= 1, b= 1, 
F= m’n’ J+ 
al(1 -m,,.) AH 
3(1 -ml,.) S(AB+ 1) 1 .rl=O 
asq-+cc: t3 = 0, I$ = 0, G = 0. 
4. METHOD OF SOLUTION 
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(17d) 
(174 
(17f) 
(17d 
The system of Eqs. (17a)-( 17f) with boundary conditions (17g) con- 
stitute a nonlinear, two-point boundary value problem. The nonlinearity 
and the coupled nature of the differential equations can be well handled via 
the quasilinearization method. This method and its applications to various 
problems are exhaustively discussed in [335]. Bhutani et al. [6] applied 
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this method to laminar boundary layer equations over a yawed infinite 
cylinder. The notations used by them for explaining the method are simple 
and elegant. The same are followed in this paper. At the outset, a transfor- 
mation given by 
(F, G, G’, 8, H, d, J) -+ (.K,, ~2, xi, x4, ~5, x6, x,) 
is introduced. 
(18) 
As a result (17) transforms to 
i,=R,x,x,+R~xsx,+R3 
X6( 1 - Wz,wx6) x: 
(Ax, + 1) 
+ R,(Ax, + 1) ~1x7 
,& = sx, (19a) 
i7= -B,x,x,+B, x,(1 -m,,,.%)x,xs -%(l -m,,,+J x7x5 
(Ax,+ 1) +% (Ax4 -t 1) 
+ B4 
xi(l -Wz,,,.xg)2 x: 
- B,x,(l -m,,,,x,)x,x,- B, x5x7 
(Ax4 + 1)’ (Ax4 +1) 
+ B7 ,;;;r;“;) + & 
X6( 1 - Wz,w&j) x: 
(Ax, + l)* 
at q =0: x2=o,X4=l,X,5=l, 
x + 41 - m,,,.)A 
7 S(Ax,+ 1) x5 ‘1=0 1 
(19b) 
asv-‘ccj: x* = 0, x4 = 0, xg = 0, 
where the coefficients in (19a) are defined as 
0, = -3, v* = 2/t, A PC’ 
vj= -A,h 
11~ = A,,e 
R, = -3Pr, A,, Ap/Ak 
R2 = -(a + AC) S, A,,/,& 
R3 = -(a + AC) ~rlAA,,-‘(/1,//1,)~ 
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R,=3S,cS 
B, = 3s 
B 
2 
= 3~lA(A,lAd2 Pr n 
s =cP 
B, = hA(A&4J2 (a + AC) A;’ 
B,=3S;,;laA+ 
k 
B,=aAl$@ 
k 
B,=IlotAm,,,$ 
k 
If n is the iteration number then following Bellman and Kalaba [3] and 
Lee [4], the quasilinearized version of the Eq. (19a) can be written in the 
matrix form as 
P+~=AY+~+B, n = 0, 1) 2, . ..) (204 
where the dot denotes differentiation with respect to the independent 
variable q. The coefficient is a square matrix of order 7 defined by 
The column matrix B is 
B= 
The non-zero elements A and B are given by 
al7 
a27 l . . a77 
a ,2 = a23 = a45 = ae7 = 1 
a34 = u3 
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a 5, = R, x; + R,(Ax(; + I ) x': 
a 54= - 
AR&Xl -~~,w-GW)* + AR .y,zy,l 
(Axi+ I)* 4 1’7 
a,,=R,x;‘+R,xlj+ 
2R,x;( 1 -m,,, x;) x’; 
(Ax;+ 1) 
u 
R3( 1 - m,,&)(x;) R,,x~m,,,(xl;)* 
56 = 
(Ax[;+l) - (Axl;+l) 
a sy = R,x; + R,(Axz + 1) x; 
a ,, = -B,x; + B, 
xg( 1 -m,,, xg) x’; 
(Ax: + 1) 
- B,xz( 1 - m,,,.xz) x; 
a 
B,Axg( 1 -m,,.xb) x’,‘x; B3Axz( 1 -m,,xg) xQY 
74= - (Ax;+l)’ - (Ax; + 1)2 
2B,A(xz)* (1 -m,, x6)’ (x:)’ + AB,x;x; 
(Ax; + 1)’ (Ax; + l)* 
B, Axgx’Jx’; 2B, Ax&( 1 - m ,,vxz)(x;)2 
(Ax; + 1)’ - (Ax; + 1)” 
a 
B2xi( 1 -m ,,,,. xz) x; B,( 1 - m,,,.xz) x’; 
75 = (Ax;+l) + (Ax; + 1) 
+ 
2B,(x’Q)* (1 -m,,.xz)‘.x2 B,xl; 
(Ax; + 1 )* - (Ax: + 1) 
B,x;x; 
+ (Ax; + 1) + 
2B,xE( 1 - m,,.xl) x; 
(Ax; + 1)’ 
1 - 1 - a7b B2s’,‘x’3 2m,,,x’Q) = 
(Ax;+ 1) 
+ B,x;xg( 2m,,.xl) 
(Ax:+ 1) 
+2B4(x1;)* (1 -m,,,.u;:)x~(l -2m,,x;) 
- - (Ax; + I )’ B5x;x;( 1 2m,,,x”,) 
B,x’;x;’ 
+ (Ax; + 1) + 
Bg(x;)Z (1 - 2m,,$x;) 
(Ax; + 1)’ 
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-B,xY+ 
B3XZ( 1 - m,,x;) x; 
a 77 = (Ax; + 1) 
-B5XZ(1 -m,,,.x;)x; 
B,x; B,x:x; 
-(Ax;+l)+(Ax;+l) 
b3 = 3x:x; - 2(x92 
b, = - R4( Ax; + 1) x:x;+ AR&Y1 -~,wxX~;)~ -4 _ AR XnXnXn (Ax;+ 1)2 4 I 7 4 
_ R XnXn _ 2R,(l -Q4w;)2 x;: 
I 1 5 (Ax:+ 1) 
+ ~3%w(x;)2 M2 _ R XnXn 
(Ax:+ 1) 2 5 7 
b 
7 
= _ 2B,%Xl- m,,.x:) x;x’f 
(Ax;+ 1) 
+ 2B,x;( 1 - m,,x’Q) x;x’l’ 
+ 
B,Ax;(l --m,,,x;) x;x;x; 
+ 
B,AxE(l --m,,,.x’Q) x;x; 
(Ax: + 1)’ (Ax:+ 1)2 
+2B,A(x;)’ (1 -m,,x~)’ (x;)‘x; 
(Ax: + 1 )3 
AB,x;x’;x”,+ B,Ax;x;x;x; 
(Ax; + 1)2 (Ax; + 1)2 
+ 2B,Ax;( 1 - ~,,x;)(x;)~ (x;) B3( 1 - m,,,.x;) x:x; 
(Ax: + 1)3 (Ax;+ 1) 
~B,(x;)~ (1 - WZ,,+,X;)~ (x;)’ 2B,x;( 1 - WZ,,X;)(X;)~ - 
(Ax;+l)’ - (Ax;+ 1)2 
+ 
B,x;x;~,,.(x~)~ + B,x;x;(x:)~ m,, 
(Ax: + 1) (Ax:+ 1) 
+ 
2B,(x;)2 (X:)’ (1 -~,wJ:) WI,, 
(Ax: + 1)’ 
- B5x;x;m,,(x~)2 
2B,x;x;x; 
(Ax;+ 1) 
+ B,(x;)~ ~I,(x:)~ + B XnXn 
(Ax;+ 1)2 1 I 7 
B3xz( 1 - m,,x;) x;x; B,x;x; - 
(Ax;+ 1) +(Ax;+ 1)’ 
The boundary conditions (19b) can also be rewritten in terms of the 
iteration number n as 
at q =0: x;=O,x~=1,x~=1,x;=F,. 
G’Ob) asq+ co: x;=o,x~=o,x~=o, 
386 
where 
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If one observes (20b) one can note that not all the conditions are 
specified at 9 = 0. Thus x;, x2, and ~4 whose conditions are not given at 
v] = 0, can be called missing initial conditions. The principle of superposi- 
tion can be applied to find out the solution of the linear boundary value 
problem given by (20). To begin with a particular solution P”+‘(q) of 
Eq. (20a) and three homogeneous solutions H;+‘(q), H;+‘(q), and 
H;+‘(q) of (20a) (taking B as a null matrix) are generated. The respective 
initial conditions are 
P”+‘(o) = (F,, 0, 0, 1, 0, 1,O)T 
H;+‘(O)=(O,O, l,O,O,O,O)T 
H;+ ‘(0) = (0, 0, 0, 0, 1, 0, O)T 
H;+‘(O)=(O, O,O, 0, 0, 0, l)T. 
Using Runge-Kutta fourth-order method, the particular and the 
homogeneous solutions are numerically calculated. Then by linearly com- 
bining P”+‘(q) and H;+‘(q), i= 3, 5, 7 one arrives at the general solution 
P+‘(q) given by 
X”+‘(fj)=P”+‘(~])+~c,H:‘+‘(q), i = 3, 5, 7. C-21) 
In order to find the c,‘s, one can use the edge conditions given by (20b) in 
Eq. (21). There results a linear algebraic system given by 
R=P. (22) 
Here, A is a square matrix of order 3 given by 
H;:‘(v) f-G%) Hlj:‘(rl) 
G+‘(rl) H;,+‘(v) f%‘(v) ; 
H;t?h) %%) I f&i%) rl=o 
C and P are column vectors of order 3 given respectively by 
Wa) 
(23b) 
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Also PJ’+‘(v]), H:,+‘(q), H:,+‘(q), and H;,+‘(q) are thejth components of 
P”“(q), H;+‘(q), H;+‘(q), and HT+l(q), respectively. 
Since the matrix R and the vector P are known, Eq. (22) can be solved 
for C provided R is non-singular. Thus using these cls in (21), one can 
determine the next approximations to the solutions of the system (lo)-( 12) 
with boundary conditions (13). This process is repeated till convergence to 
the specified accuracy is attained. Since the procedure is iterative in nature, 
one needs an initial approximation profile to the unknown solution. The 
form of the profile is given as 
5. RESULTS AND DISCUSSION 
In this section, we present various results obtained for single component 
and two-component boundary layers. The quasilinearization, coupled with 
Runge-Kutta fourth-order method has yielded satisfactory results. To 
achieve the convergence with five-digit accuracy, requires about 6 to 15 
iterations. The step length, q = 0.05 is found to be sufficient. Any further 
reduction in the step length affects the results in the fifth decimal place 
only. The value of q,, an approximation to q, is taken as 12.0. The com- 
puter time required in ICL 2960 varied from 2 to 6 min. 
Omitting the concentration induced buoyancy effect and using slightly 
different transformations [lo], (l)-(3) reduce to single component bound- 
ary layer equations. These are solved via quasilinearization and the various 
results so obtained are discussed. When the mass transfer at the wall is 
zero, the skin friction F”(O) and the heat transfer -0’(O) are compared 
with the results reported by Na [13], for various values of Prandtl number 
(see Table I). Then by varying the injection velocity, F”(O) and -0’(O) are 
plotted against Prandtl number (Figs. 2 and 3). It is observed that, increase 
in the Prandtl number, decreases F”(0) and increases -(3’(O). This is true 
for any injection velocity. Furthermore, increase in the injection velocity 
decreases both F”(0) and -0’(O). 
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TABLE I 
Skin Friction and Heat Transfer Comparisons with Various Available Results: 
Single Component Fluid 
Pr 
Present method 
F”(0) Q’(O) 
Parametric 
differentiation 
F”(0) fl’(O) 
Ostrach [7] 
F”(0) B’(O) 
0.72 0.6761 -0.5047 0.6760 -0.5046 0.6760 -0.5046 
0.50 0.7132 -0.4412 0.7131 - 0.4420 
0.10 0.858 1 -0.2305 0.8590 -0.2326 
2.00 0.5713 -0.7165 0.5713 -0.7165 0.5713 -0.7165 
5.00 0.48 I8 -0.9541 0.4827 -0.9517 
7.00 0.4508 - 1.0544 0.4522 - 1.0512 
Before initiating a discussion on two-component boundary layers, it 
would be appropriate to make some remarks. For convenience, we denote 
TDDT for the case where both TD and DT are present and NTDDT for 
the case where TD and DT are absent. Throughout our discussion, we dis- 
cuss the effect of injection velocity (tantamount to discussing the effect of 
the concentration of the injectant) on the heat and mass transfer. 
In the present study it has been assumed that all the fluid properties are 
constant (A,, = Ak = A,,, = A, = l.O), except for the density in the buoyancy 
0 05 r 
0.0 - 
075- 
O-65- 
06 
t 
0 55 !
0.5 I I I I I I I I I I 
0.0 01 0.2 03 04 0.5 0.6 0.7 OB 0.9 10 
PC - 
FIG. 2. Variation of skin friction F”(0) with Pr for various values of injection velocity: 
single component fluid. 
06- 
0.55- 
o-50- 
A o-45- 
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0.40- 
0 35- 
0.3 0 - 
025- 
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020 I I I I I I I I I i 
a0 0.1 0.2 o-3 0 4 0 5 0.6 0.7 0.6 0.9 1.0 
Pr - 
FIG. 3. Variation of heat transfer coefficient -0’(O) with Pr for various values of injection 
velocity: single component fluid. 
F(O) =-0.0175 
F(O) =-0.010 
F(O) =-0.0025 
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0 
rl- 
FIG. 4. Non-dimensional velocity profiles: two-component fluid (TDDT) 
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term of (10). Also the entire study is made in the low injection velocity 
range. Molecular weight of the injectant (carbondioxide) is 44.011, while 
that of the ambient air is 28.97. 
In the NTDDT case, incompressible and compressible results obtained 
using the present method are compared with Gill’s results [lo] (Tables II 
and III). The tables show that, for low injection velocity, the incom- 
pressible results approximate the compressible results. For the TDDT case, 
the velocity, the temperature, and the concentration profiles are plotted 
across the boundary layer. Figures 4, 5, and 6, respectively, present this. In 
order to see the effects of TD and DT on the heat and mass transfer, both 
TDDT and NTDDT results are presented in Table IV. Though the dif- 
ference between these two results is of the order lo- 3, the TD and DT 
effects, in fact, increase the heat and mass transfer. The effects of TD and 
DT may still be appreciable if one takes the variable property mixture and 
studies them for a higher injection velocity range or if one considers an 
altogether different injectant such as hydrogen. From Table IV it can also 
be observed that, both in TDDT and NTDDT cases, as injection velocity 
F(O) :-00175 
0.4 - 
0.3 - 
0.2 - 
0.1 - 
10 20 30 40 50 6.0 70 80 9.0 10.0 Il.0 
04 
FIG. 5. Non-dimensional temperature profiles: two-component fluid (TDDT) 
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FIG. 6. Non-dimensional mass fraction profiles: two-component fluid (TDDT). 
increases from 0.0 to -0.0175, F", Sh,[4vZ,/gx3]‘14, and Nu,[4v~/gx3]‘i4 
at the wall decrease. Since carbondioxide is heavier than air, one may 
expect strange behaviour if one increases the injection velocity further. In 
this case, concentration-induced buoyancy may oppose the thermal 
gradient-induced buoyancy, which in turn may result in flow reversal. 
APPENDIX: NOTATION 
A Square matrix [a,] of order 7 
B Column vector [b,] 
F Column vector of order 3 
CP Specific heat 
D,2 Binary diffusion coefficient 
F Function related to stream function $ 
F* Injection velocity at the wall 
R Acceleration due to gravity 
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R 
H,, H1> H, 
: 
I 
A4 
m 
Nu 
Pr 
P 
P 
4 
R 
S 
Sh 
T 
u 
0 
X 
x 
Square matrix of order 3 
Seven dimensional column vectors 
Mass flux 
Thermal conductivity 
Thermal diffusion index ( = 1 if TD is present, =0 if TD is absent) 
Molecular weight 
Mass fraction 
Nusselt number 
Prandtl number 
Seven-dimensional column vector 
Column vector of order 3 
Heat flux 
Universal gas constant 
Schmidt number v/D,, 
Sherwood number 
Temperature of the mixture 
x component of velocity 
y component of velocity 
Mole fraction 
Coordinate along the plate 
XT = (x,, i = 1, 7) Seven-dimensional row vector 
.Y Coordinate perpendicular to the plate 
Greek Symbols 
2 Thermal diffusion factor 
P Dynamic viscosity 
P Density 
v Kinematic viscosity 
r Wall shear 
i 
Similarity variable 
Stream function 
; 
Non-dimensional temperature (T- T,)/( T,. - T,) 
Non-dimensional mass fraction m,/m,, 
AQ =dp,; similar definition for other fluid properties 
Subscripts 
1 Refers to carbon dioxide 
2 Refers to air 
U' Condition at the wall 
a, Condition at y = co 
PC Density is a function of only concentration 
PC' Density is a function of both concentration and temperature 
Superscripts 
Differentiation with respect to r7 
Lo 
Iteration number 
Transformation index 
e= -1 Transformation index 
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